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■ Abstract 

We use light deflection by a Coulomb field, due to non-linear quantum electrodynamics effects, as 
an opportunity for a pedagogical discussion of the electrodynamical analog of the Aichelburg-Sexl 
ultraboost 
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INTRODUCTION 



Gravitational light deflection, predicted by General Relativity, is a fascinating phe- 
nomenon with numerous important applications in astronomy, astrophysics and cosmology 

At first sight, there is no analogous effect in electrodynamics because Maxwell's equations 
are linear and, therefore, photon does not interact with the electromagnetic field of a alleged 
deflector charge. However, quantum electrodynamical corrections bring nonlinearities in 



the theory [ 



large. 

BE 



As a result, in a external electromagnetic field, the vacuum acquires an 



effective refractive index 



where 
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2 h 3 
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and 



Q = r x E + f x (f x B). 
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Here a = 14 or a = 8 depending on the polarization mode of the photon and f is a unit 
vector in the direction of light propagation. 

One immediate consequence of this effective refractive index is the deflection of light in a 
Coulomb field {§, 9|. In this paper we use light bending by a Coulomb field as a pedagogical 
tool for a discussion of the electrodynamical analog of the general relativistic Aichelburg-Sexl 
ultraboost 10J. 



LIGHT BENDING IN A COULOMB FIELD 

In geometrical optics, the light trajectory in an inhomogeneous medium is determined by 
the equation 111. Il2] 



ds 



[tit) = Vn, 



(4) 



where n is the index of refraction and r = is the unit tangent vector to the light ray. In 
the Coulomb field, equations (JT]) and (j3J) give 



n^l+e(fx Ef 



(5) 



2 



where 

Arcr z r 

is the Coulomb field of a nucleus with electric charge Ze (in the Heaviside-Lorentz rational- 
ized natural unit system). For reasonable impact parameters, the nonlinear effects are very 
small, eE 2 <C 1, and the index of refraction is only slightly different from unity. 

It is clear from the symmetry of the problem that the light trajectory is a planar curve 



and therefore we can assume ds = ■sj dx 2 + dy 2 in Cartesian coordinates. The tiny light 
deflection angle can be found as follows. From (J4]) we get 

dr v dn ,„ s dn 

However, both r y and ^ are small quantities (we assume that the incident light ray was in 
the x-direction). Therefore, in a linear approximation, ([6]) can be replaced by 

dr y dn , . 

~d7 = V ( } 

and, hence, 

/dn 
dy~ dS) (8) 

7 

where the integration contour 7 is the light trajectory. But for small deflection angles 
(and note that ^ in ^ is very small), we can assume a rectilinear light trajectory while 
calculating the integral in (|E|) and, finally, 

Ty ~ I ~ij dx ' (9) 

—00 

In the vicinity of the rectilinear light trajectory, 

v 2 Z 2 e 2 v 2 
(rxE) 2 = E 2 ^- Z€ V 



r 2 IQtc 2 (x 2 + y 2 ) 3 
and we get, on the trajectory, 

dn _ eZ 2 e 2 ( b 3b 3 \ 

dy~ ~ 8tt 2 V (x 2 + b 2 ) 3 ~ {x 2 + b 2 Y ) ' ( ' 

where b is the impact parameter for the incoming light ray (that is, the equation of the 
trajectory is y — b). Substituting (flOl) into fl9]), we get 



eZ 2 e 2 f f b 3b 3 ? 

Ty 8vr 2 J \(x 2 + b 2 ) 3 (x 2 + b 2 )\ } ' ' 



The evaluation of the integral in (TTTT) can be facilitated by the following trick a la Feynman 



131 ] (the mathematically inclined reader can try to find the rigorous justification of this 



seemingly dubious method. Other interesting integration tricks can be found in 14j). We 
note that 

i r a 1 . <)■• i 1 

dx 



3b 3 



(x 2 + b 2 f (x 2 + b 2 f 



d 2 
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2\2 



2\3 



dx 



x 2 + b 2 



Therefore, 



2„2 



eZ z e , 
r- hm 

327T 2 A^kx) 



db[bdb) +1 2db \bdb\bdb 



arctan 4 
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(12) 



However, it is easy to see that all terms that originate from the derivatives of arctan 4 vanish 
in the limit A — > oo. Therefore, 



2^2 



64tt 



db[bdb) + ~2db \bdb\bdb 
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(13) 



Substituting here e from we get for the light deflection angle, in accordance with js] 



a«sina 
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(14) 



where we have introduced the Compton wavelength of the electron A e = — . 



AICHELBURG-SEXL ULTRABOOST FOR A COULOMB FIELD 



What is the electromagnetic field of a massless charged particle? This is a classic textbook 

n 

oroblem [15( with elegant and interesting solution. Considered in a number of publications 



24J at various levels of mathematical rigor, this problem, however, has been lar gely 
ignored in classical electrodynamics textbooks (the third edition of the Jackson's classic [25[ 
already has it). 

It is plausible to assume that the electromagnetic field of a massless charged particle is a 
limiting case of the field of a ultrarelativistic charged particle with finite mass. In the rest 
frame S' of a charge Ze we have the Coulomb field 



E' 



0, r 



12 
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x + y + z . 



(15) 



4 



In the laboratory frame S, where the charge moves with velocity v along the x-axis, the 



electromagnetic field is given by 
rest of the paper) 



25 



26] (we will assume c = 1 for the light velocity in the 



Et — E' . 



B x = B' x , 



7 [E'-vx B') , B y = -f[B' + vxE' 



Ey = 

E z = ^{E' -vx B'j , B z = 7 (B' + v x E' 
In combination with the Lorentz transformation 

x' = j(x — vt), t' = -f(t — vx), y' — y, z' — z, 



(16) 



(17) 



(USD and (USD give 



E, 



Ze 



Att^R 3 



(X — Vt), Ey 



Ze 



y, E z 



Ze 



z, B = v x E, 



where 



R=y/(x-vt) 2 + 7- 2 (y 2 + z 2 ). 



(18) 



(19) 



We need the limiting case of ( IT8|) when v — > 1. In the gravitational case, analogous problem 



was considered by Aichelburg and Sexl in their seminal paper 
a limit is called the Aichelburg- Sexl ultraboost. 
Note that 



10j. Therefore, usually such 



7 



but 



/ 



lim E>3 



7 2 1'^ 

(7 2 X 2 + p 2 ) 3 / 2 A-5-oo dp 2 



oo, if x — t — 0, 
0, if x - t / 0, 



V 2 + p 2 



XT 9 • T ^ 2 

-4 lim — — arcsmh — = — . 



A->oo dp 2 



p ff 



Therefore, we conclude that 



lim 



7" 



7^00 R3 y 2 4- z 2 

Another way to obtain this result is the following one 



6(x-t). 



(20) 



18(]. We have 



7" 



1 d fx — vt 



R 3 y 2 + z 2 dx \ R 
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Hence 



7 2 1 d .. x — vt 1 dfx — t 
hm — — = — — — hm 



7^00 R 3 y 2 + z 2 dx v-+\ R y 2 + z 2 dx \\x — t 
But 

'''~ f 2 0(z-t)-l, 



\x — 1\ 



and remembering that 

d 

Q(x-t) = S(x-t), 

ox 

we again get (1201) . Here 9(x) is the Heaviside step function which is unity if x > and zero 
if x < 0. 

In both versions of derivation of ( j20i) . we had somewhat carelessly interchanged derivatives 
and limits. Fortunately, for generalized functions, and the considered limit makes sense only 



in the context of generalized functions, derivatives and limits always commute 20]. 

Using ([20]) and the identity (x — t) 5(x — t) = 0, we get from (TT8T) the electromagnetic 
field after the Aichelburg-Sexl ultraboost 

E x = 0, E y = ^^—5{x-t) 1 E z = ^--^—b{x-t), B = ix E, (21) 
2tt y l + z l Z7r y z + z 2 

where i is the unit vector in the x-direction. 

Alternatively, we can solve directly the Maxwell equations by introducing The electro- 



magnetic four-potential N 1 = ($, A) 19|, [21] . In the Lorentz gauge, d^A^ = 0, the equation 
for the four-potential has the form (remember, we are using Heaviside-Lorentz units) 

□A" = J M , (22) 

where 

is the d'Alembert operator. 

For a massless charge Ze which moves with the light velocity c = 1 along the x-axis, 
the charge density is p = Ze5(x — t) 5(y) 8{z) which implies the following current density 

= Zen^5{x — t) S(y) S(z), where n M = (1, 1, 0, 0). Therefore, we search a solution of (|22|) 
in the form A^ = A^(x — t, y, z), so that (<9 2 — <9 2 )A M = 0. Substituting in (|22|) . we get (here 
^2 = dy + d 2 z is two-dimensional Laplacian) 

A 2 ($ - Ax) = A 2 A y = A 2 A Z = 0, (23) 



and 

A 2 $ = -p = -Ze 5(x - t) 5(y) 5{z). (24) 

The equations fl23l) do not contain the charge Ze. Therefore, we choose the solutions which 
are natural for a zero charge 

A y = A z = $ - A x = 0. (25) 

Note that (1251) become evident if we write the solution of (1221) by employing the Green's 
function method (x and y denote four- vectors here): 

A»(x) = J G(x-y)r(y)dy. 

As for equation ([24]) . it is essentially a two-dimensional electrostatic problem with the solu- 



tion (see, for example [271 ]) 

ry 

$= -<S(z-t) ln(y 2 + 2 2 ). (26) 

It can be easily checked that, through the standard relations 

E = - V$ - 5 t A, B = V x A, 

equations (J25]) and (|26|) reproduce the electromagnetic field (I2T|) . 

There is a third way to get an electromagnetic field of a massless charge, by considering 
the Aichelburg-Sexl ultraboost for the four-potential itself. In a massive charge's rest frame 
S' we have 

$' = A' = 0. (27) 

In the laboratory frame S, the four-potential A^ = ($, A) can be obtained by the Lorentz 
transformations of (127]) . and we easily find 

* = T^ A * = Pli> A y = A z = 0, (28) 

where R is given by ( TT9|) . 

And here we have a problem because it is somewhat tricky to find the limit of ( )28l) when 



7 — > oo 



16 



181 ] . However, the gauge invariance of electrodynamics comes to our rescue. 



Note that, if x — t ^ 0, when 

Ze 

lim^ = — r , 29 

v-+i Air \x — t\ 



7 



and this is a pure gauge giving a zero electromagnetic field in accordance with (l2~Tj) . This 
suggests to subtract this gauge term from fl28l) and hope that the remaining will converge 
to some (^-function when 7 — > 00. However, ( 12 9 p is singular at x — t = 0. Therefore, we first 
regularize it by considering the four-potential 

^-"=4^1? <30) 

where 

R A = v /(x-t)2 +7 -2 A 2, (31) 

A being an arbitrary parameter which just sets the regularization scale. Note that ( l30l) is 
also a pure gauge because 

1 d , / ^ - — \ 9 

In 



(x-t+y/(x- t) 2 + 7 - 2 A 2 ) = -— In (x - 1 + y/(x - t) 2 + 7 ~ 2 A 2 ) . (32) 



We therefore consider, instead of ( 128]) . the following four-potential 
Ze ( 1 1 \ „ Ze / 1 1 \ Ze , 

which gives the same electromagnetic field as (|28|) because we have just subtracted a pure 
gauge term ( |30l) from f |28l) . 
Note that 

lim = 

u->l i? 

is a well defined limit irrespective a; — t^Oora; — i = (except the naturally singular point 
x — t = y = z = where the charge resides). Therefore, limj,_ >1 ($ — A x ) = and we recover 
fl25|) if lim^^i $ has a well defined sense and we now show that this latter limit is indeed 
well defined in the sense of generalized functions. Writing 

— = — In (x - vt + a/(x - vt) 2 + 7~ 2 (y 2 + z 2 ) J , 

we get by combining it with (1321) 



_ Ze d ^ x - vt + y/{x - vt) 2 + 7 2 (y 2 + z 2 ) 
~4^^ n x-t+ v^OT- t) 2 + 7" 2 A 2 ' 



Using that in the limit 7—7-00 one has 



x-t+|x-t| + y ^ 1, if x-t>0, 

x-t + \x-t\ + ^j£ki ~* I if x-t<0, 



we get 

lim $ = — — 

v->l 47T OX 



[l-0(x-t))\n 



^_g^_ ()ln ^ (35) 



A 2 

that is essentially the same result as ( 1261) because A here is just an irrelevant parameter 
setting the scale of the logarithm (we could, of course, introduce A already in fT26"j) ). 

SMALL-ANGLE SCATTERING OF A CHARGED PARTICLE IN A COULOMB 
FIELD 

As an application of the limiting electromagnetic field of the previous section, let us 
consider the small angle scattering of a highly relativistic charge e! on a heavy nucleus 
carrying a charge Ze 



In the rest frame S of the nucleus, the charge Ze is at the spatial origin and the charge e' 
moves, before the collision, with a ultra-relativistic speed v ~ 1 in the positive x-direction, 
and the orientations of the y and z axes are chosen in such way that we have z = b and 
y = 0, b being the impact parameter. 

In the rest frame S' of the projectile charge e', the nucleus appears to be traveling with 
the ultrarelativistic speed v « 1 in the negative x-direction, while the charge e' is sitting 
at the point x' = y' — 0, z' = b. Therefore, the electromagnetic field of the nucleus in this 
frame is a plane impulsive electromagnetic wave given by ( 12T|) (with obvious substitution 
x — > —x because now the wave is traveling in the negative x-direction). When this impulsive 
wave meets the motionless charge e' at the time t' = 0, it will give the charge e' a kick in the 
^-direction because the only nonzero component of the electric field of the electromagnetic 
wave, on the line y' = 0, z' = b, is 

Therefore, after the kick the charge e' acquires a small momentum in the ^-direction 

oo 

P* = Py = 0, P Z = = I e'E> dt> = ^ 1. (36) 

— oo 

Let us now return to the laboratory frame S via the Lorentz transformations 

Zee' 1 

Px = lip' x +vE') w 7 m, p y = p' y = 0, p z = p' z = -, (37) 



where in the first equation we have used v ~ 1 and E' = a/ m 2 + p' 2 ~ m. Therefore, we 
get the following deflection angle in the laboratory frame 

p z Zee' 1 , N 

a ~ tana = — = — . (38) 

p x 27r miry 



To check that the result (|38p is correct, let us calculate it in the standard way 29j. We have 



Ap= J Fdt = J F^, (39) 

— oo 7 

where the integration is along the projectile trajectory. For small angle scattering, we can 
assume that the projectile moves along the straight line while calculating the integral fl39|) . 
Therefore, for v ~ 1, we get for the z-component of the projectile momentum after the 
scattering 

oo oo 

p - = 5pz = I Fzdx = / (a? (40) 

— oo — oo 

The integral in ( 140|) is 2/6 (it can be most easily calculated by substitution x = b sinh0). 
Therefore, 

Zee' 

and, since p = mvy ~ rwy, 

p z Zee' 1 

a~sina 



p 2ti miry 
which coincides with (1381) . 



LIGHT DEFLECTION IN A COULOMB FIELD AS A CHESHIRE CAT'S SMILE 

If we try to describe the light bending by a Coulomb field in the manner of previous 
chapter, we encounter an immediate obstacle. The refractive index (jSJ) depends quadratically 
on the electromagnetic field strength. However, the limiting field fT2T|) is proportional to the 
delta function. Therefore, while calculating the refractive index, we get the square of delta 
function which is notoriously ill-defined quantity. 

On the other hand, the electromagnetic energy-momentum tensor is quadratic in the 
fields too and, therefore, it also will contain squares of delta functions for the limiting field 
f l2~Tj) . This fact casts serious doubts on the physical reality of the limit implied in (12T]) (20]. 



10 



However, more careful analysis of physical premises of the Aichelburg-Sexl limit indicates a 
way out of this dilemma. 



While considering v — >1 
rescale its mass as follows 



imit, if we want the nucleus energy to remain finite, we must 
lOj m — > 7 _1 m. Would be a mass of pure electromagnetic origin, 
we would have m ~ (Ze) 2 , where Ze is the nucleus charge. This suggests that the physically 
interesting Aichelburg-Sexl limit may require not only m — > r y~ l m, but also the rescaling of 



the nucleus charge 



20] 



(Ze) 2 7" 1 (Ze) 2 . 



(41) 



Note that this is exactly the kind of charge rescaling used in considerations of the Aichelburg- 



Sexl ultraboost for a Reissner-Nordstrom black hole 
Now, if we use the rescaling (14ip in (fl8l) . we get 



30). 



Ze\ 7 



- 



(x-vt) 2 , E 2 



Ze\ 7 



- 



y 



Et 



2 „,-5 



Ze\ 7 



and we should consider the limit of fl42l) when v — y 1. Note that 



(42) 



( X _ vt f yi- = i—i( x - t f + (i- V )t [2x - t(i + v)w , 

and the second term leads to the well defined limit (except the singular point x — t = y 

2 = 0) 



7" 



lim (1 — v) 



0. 



Indeed, this is evident, if x — t ^ 0. But if x — t = 0, we have 



7" 



lim (1 - v) TV 



lim (1 



7 



lim 



1 



7~ 6 (y 2 + z 2 ) 3 «->i (y 2 + z 2 ) 3 V 1 + v 



1 - v 



Next, we have to consider the limit 



7" 



lim rji 

7->o° R 



But 



7 5 dx 



oo, if x — t — 0, 
0, ifx-t^0. 



[x 2 + 7 -2 p 2 ] 3 



3vr 

(x 2 + p 2 ) 3 ~ 8p^' 
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Most easily, this integral can be calculated as follows 



dx 1 d 2 j dx , d 2 (\ X\ k i) 2 I 

lim - —, -— / — = hm —, -— — arctan 



-A 



( x 2 +p 2)3 A^oo 2 d( P 2 ) 2 J X 2 + p 2 A^ood( P 2 ) 2 \p p) 2 d( P 2 ) 2 P 

— oo 

Therefore, we see that 20] 



7~ 5 37T 

7^^ = 8(^ + ^ <y(a; " t) ' (43) 
and since (x — i) 2 5(x — t) — 0, we get the following limiting field squares 

2 „,2 / <7„\ 2 Q_ 



( Ze\ 3n y 2 2 f Ze\ 3n 



z 



' y \ 471 J 8 (y 2 + z 2 ) 5 / 2 V ; ' 2 V 47r / 8 (?/ 2 + z 2 ) 5 / 2 V ; 

(44) 

The fields themselves, however, tend to zero under such Aichelburg-Sexl limit and we are 



left with the strange situation which is as bizarre as the Cheshire cat's smile [31]. The 
cat (electromagnetic field) disappears but its grin (electromagnetic effects quadratic in the 
fields) remains. 

Nevertheless, this Cheshire cat's smile, the limiting field squares (j44p can be used to 
re-derive the light deflection formula (fT4"|) in the Coulomb field. 

Suppose in the laboratory frame S a light ray propagates in the direction y = b, z = 
and encounters a motionless nucleus of charge Ze situated at the spatial origin. 

In the ultrarelativistic frame S', which moves with the velocity v « 1 in the same direction 
as the incident light ray, the contracted electromagnetic field of the nucleus induces an 
effective index of refraction only in a thin layer moving with the speed —v. According the 
relations ([T|) and ([3]), when this layer meets the incident light ray, the index of refraction at 
the encounter point equals to (for some time, we will not use the primed notations, although 
we assume that we are in the frame 5") 

n=l + 4e£ 2 , (45) 

Because for large 7 the contracted electromagnetic field of the nucleus looks like a plane 
impulsive electromagnetic wave in which E 2 = B 2 , E _L B _L f and, since the wave and the 
photon are in a head-on collision, E x B || (— t). 

We cannot replace the square of the nucleus electric field in (145 j) by the limiting square 
field (I44p because the limit implies the rescaling of the charge while in our case the charge is 



12 



not actually rescaled. However, if 7 is large, the field square of the rescaled charge (Ze) 2 ^ 1 
will be close to the limiting square field. Therefore, we can replace E 2 in (|4"5l) by 7 times the 
limiting square field and the refractive index on the photon's trajectory will take the form 



Ze\ 3tc 5{x + t) 



" = 1 + 4 ^J T^' (46) 



As before, we get 

00 

t„ ~ / — — dx 



dy 



- 00 



and, while calculating the integral, we can assume the unperturbed photon trajectory x = 
t, y = b, z = 0, so that 5(x + t) = 5{2x) = \5{x). Thanks to the delta function, the 
integration is elementary and we get 



9tt / Ze\ 2 1 



Therefore, in the S' system, the deflection angle of the photon is 

/ • / 1 1 97r ( Ze\ 2 1 
a «suia = | r „| « T e T ^— J ~ A . (47) 

In the laboratory frame S, the deflection angle can be obtained via the aberration formula 



32| ) which follows from the relativistic velocity addition law. Namely, 



(see, for example 
when v « 1, we get 

sin a' 1 sin a' la' 

sin a = hm — = = — tan — . (48) 

7(1 + v cos a') 71 + cosa' 7 2 

Therefore, 

a' 9eZ 2 e 2 , , 

^2^=128^' (49) 

which is exactly the result implied by ( ITBl . 



CONCLUDING REMARKS 



We believe the material presented above will be useful for students just beginning their 
study of classical electrodynamics. While, on the one hand, it is simple enough to follow 
with limited mathematical background, on the other hand, it illustrates some difficulties of 
using generalized functions in nonlinear physical theories like general relativity {33)]. 
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Aichelburg-Sexl ultrarelativistic limit of the Coulomb field is subtle. We have a surprising 
result that the electrodynamics allows as a limit a massless uncharged particle which creates 
no electromagnetic field, but has a nonzero electromagnetic energy-momentum tensor 20], 
and thus induces electromagnetic light deflection. Physically this situation may seem un- 



satisfactory, but mathematically the Aichelburg-Sexl limit is perfectly well defined [23j, 133 ]. 
We have seen in the previous section that, when appropriately used, this limit can produce 
physically reasonable results. 

An interesting question remains whether a massless charge can really exist in nature. 
Up to now, no massless elementary particle with nonzero electric charge was ever found 
experimentally. It was argued that massless electric charges cannot exist in nature as they 
are completely locally screened in the process of formation |34|. However, that screening 
occurs only at very large distances and meanwhile the massless charge, born in the hard 
coUisiona. process, may interact with eJeetromagnetic fUdfl. We fee. that, although 
massless charged particles are undoubtedly peculiar objects [36[, the final word has not been 
yet said on the delicate issue whether they really exist in nature. 
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